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Theorem (Kuratowski-Wagner, 1930, 1937)
A graph is planar if and only if it does not contain Ks or K3 3 as a minor. J
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Let C be a minor-closed graph class. There exists a finite set of graphs #, s.t.
a graph Gis in C if and only if G does not contain a graph from # as a minor.

@ Minor-closed: Every minor of a graphinCisinC

e Examples:
» C = {the planar graphs}, H = {Ks, Kz 3}
» C = {graphs admitting a linkless embedding in 3D}, # = {Petersen family}
» C = {graphs that can be made forests by deleting at most 10 vertices}

» C = {graphs that can be embedded on a torus after deleting at most 5 edges}
» C = {graphs of treewidth at most 20}

@ Proved in the Graph Minors Series of Robertson & Seymour, spanning 23 papers in
1983—-2012.
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Kobayashi & Reed, 2012]
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The Irrelevant Vertex technique

o Treewidth of a graph: Parameter between 0
and n— 1 measuring how tree-like the graph is

[i, j, K i, k]Hf k, m]

[ n, o]

Graph G A tree decomposition of G
Treewidth 2 Width =2

Korhonen, Pilipczuk, Stamoulis Minor Containment and Disjoint Paths in almost-linear time 7/10



The Irrelevant Vertex technique

o Treewidth of a graph: Parameter between 0
and n— 1 measuring how tree-like the graph is

e If treewidth of Gis < f(H), solve the problem
by dynamic programming in f(H) - n time

i J, K i, kT k, m]
im0

Graph G A tree decomposition of G
Treewidth 2 Width =2

Korhonen, Pilipczuk, Stamoulis Minor Containment and Disjoint Paths in almost-linear time 7/10



The Irrelevant Vertex technique

o Treewidth of a graph: Parameter between 0
and n— 1 measuring how tree-like the graph is

e If treewidth of G is < f(H), solve the problem
by dynamic programming in f(H) - n time

o If treewidth is > f(H), detect and remove an Graph G A tree decomposition of G
Irrelevant Vertex from G Treewidth 2 Width = 2

Korhonen, Pilipczuk, Stamoulis Minor Containment and Disjoint Paths in almost-linear time 7/10



The Irrelevant Vertex technique

o Treewidth of a graph: Parameter between 0
and n— 1 measuring how tree-like the graph is

e If treewidth of G is < f(H), solve the problem
by dynamic programming in f(H) - n time

o If treewidth is > f(H), detect and remove an Graph G A tree decomposition of G
Irrelevant Vertex from G Treewidth 2 Width = 2

@ Robertson & Seymour: Detect irrelevant vertex in T f } . I . I T
f(H) - n? time = f(H) - n° time algorithm 1 AR I

Korhonen, Pilipczuk, Stamoulis Minor Containment and Disjoint Paths in almost-linear time 7/10



The Irrelevant Vertex technique

o Treewidth of a graph: Parameter between 0
and n— 1 measuring how tree-like the graph is

e If treewidth of G is < f(H), solve the problem
by dynamic programming in f(H) - n time

o If treewidth is > f(H), detect and remove an Graph G A tree decomposition of G
Irrelevant Vertex from G Treewidth 2 Width = 2

@ Robertson & Seymour: Detect irrelevant vertex in T f } . I . I T
f(H) - n? time = f(H) - n° time algorithm 1 AR 1

o Kawarabayashi, Kobayashi & Reed: Detect irrelevant } / I I I 1 I
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» Fast implementation of the recursive understanding technique

» Using recent breakthroughs in almost-linear time graph algorithms: Isolating cuts [Li &
Panigrahi, 2020], almost-linear time (deterministic) max-flow [van den Brand, Chen, Kyng,
Liu, Peng, Probst Gutenberg, Sachdeva & Sidford, 2023], and mimicking networks of
[Saranurak & Yingchareonthawornchai, 2022]

4. Reducing general graphs to clique-minor-free graphs
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Thank you!
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